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In our previous paper, we introduced the notion of continuum-wise expansive homeomorphisms which contain all expansive homeomorphisms, and studied several properties of those homeomorphisms.
In this paper, we study further more properties of continuum-wise expansive homeomorphisms and consider a special class, which is contained in the class of continuum-wise expansive homeomorphisms.
We introduce a new notion of continuum-wise fully expansive homeomorphisms, which often appear in chaotic topological dynamics and continuum theory. We investigate several properties about indecomposability and dimension of continua which admit such homeomorphisms.
In particular, if a plane continuum X admits a continuum-wise fully expansive homeomorphism, then X is indecomposable.
Introduction
We assume that all spaces are metric spaces. By a continuum, we mean a nondegenerate compact connected metric space. By Z, we mean the set of integers. Let X be a compact metric space with metric d. A homeomorphism f : X+X is called an expansive homeomorphism [6, p. 861 if there is a positive number c > 0 such that if x, y EX and x # y, then there is an integer n = n(x, y) E Z such that This property has frequent applications in topological dynamics, ergodic theory and continuum theory (see [1, 5, 6, 22, 29] ). A homeomorphism f : X+X is called a continuum-wise expansive homeomorphism (respectively a positively continuum-wise expansive homeomorphism) [ 191 if there is a positive number c > 0 such that if A is a nondegenerate subcontinuum of X, then there is an integer n = n(A) E Z (respectively a natural number n 2 0) such that diam f"(A) > c, where diam S = sup{d( x, y)lx, y E S} for a set S of X. Such a positive number c is called an expansive constant for f. Clearly, every expansive homeomorphism is continuum-wise expansive, but the converse assertion is not true. In fact, there are many important continuum-wise expansive homeomorphisms which are not expansive homeomorphisms (see [19] ). In this paper, we introduce the notion of (positively) continuum-wise fully expansive homeomorphisms, which are contained in the class of continuum-wise expansive homeomorphisms, and we investigate several properties of those homeomorphisms.
In particular, we prove that if a plane continuum admits a continuumwise fully expansive homeomorphism f, then either f or f-' is positively continuum-wise fully expansive and the continuum is indecomposable. We refer readers to [1, 5, 6, 29] for basic properties of expansive homeomorphisms and [19] for several properties of continuum-wise expansive homeomorphisms.
Continuum-wise expansive homeomorphisms and stable, unstable subcontinua
In this section, we study further more properties of continuum-wise expansive homeomorphisms and stable, unstable subcontinua.
Let f : X+X be a homeomorphism of a compact metric space X. For any E > 0, let W,' and W,' be the local stable and unstable families of subcontinua of X defined by
We should note that continuum-wise expansive homeomorphisms have the following useful properties. Proof. Suppose that f is positively continuum-wise expansive. We may assume that c, E and 6 are as in Proposition 1.2. Suppose, on the contrary, that there are a sequence A,, A,, . . . of subcontinua of X and a sequence qr > q2 > . . . of positive numbers such that A,, $5 W,", diam A, G 7, for each n and lim, _mq77n = 0. By Proposition 1.2, we may assume that there are a sequence B,, B,, . . . of subcontinua of X and a sequence n(1) < n(2) < . . . of natural numbers such that Bi CA,, sup{diam f-'( Bi)[ 0 ,< j G n(i)} G E and diam f-""'(B;) = 6. We may assume that lim,,,f-"(" (B,) = B. T hen B is a (nondegenerate) subcontinuum with diam B = 6 and B E W,' c W". Since f is positively continuum-wise expansive, this is a contradiction.
The converse assertion is obvious. It is well known that if X is an infinite compact metric space, then X admits no positively expansive homeomorphism.
But In this section, taking account of Proposition 1.3, we shall define the notion of continuum-wise fully expansive homeomorphisms, which have often appeared in chaotic topological dynamics and continuum theory (e.g., see [19, 25, 26, 301) .
Assume that X is a continuum. A homeomorphism f : X+X is called a continuum-wise fully expansive homeomorphism (for simplicity, we call it a CF-expansive homeomorphism) provided that for any E > 0 and 6 > 0, there is a natural number N = N(E, 6) > 0 such that if A is a subcontinuum of X with diam A > 6, then either d,( f "(A), X) < E for all n > N, or d,(f-"(A), X> < E for all n > N. A map f : X--,X is positively continuum-wise fully expansiue (for simplicity, we call it PCF-expansive) provided that for any E > 0 and 6 > 0, there is a natural number N = N(E, 6) > 0 such that if A is a subcontinuum of X with diam A > S, then du(f "(A), X) < E for all n > N. In topological dynamics and continuum theory, there are many important examples of CF-expansive homeomorphisms and PCFexpansive homeomorphisms, which we will show later.
Let f : X+X be a map of a compact metric space X. Consider the following inverse limit space: (X, f) = {(xi)~SI(xi~X and f(xi+,) =x, for each i).
The set (X, f 1 is a compact metric space with metric
Defineamapf:(X, A continuum X is decomposable [21] if X is the union of two subcontinua different from X. A continuum X is indecomposable if it is not decomposable. A continuum X is hereditarily decomposable (respectively hereditarily indecomposable) if each nondegenerate subcontinuum of X is decomposable (respectively 3, indecomposable). By dim X, we mean the covering dimension of a space X (see [S] for several properties of dimension of separable metric spaces).
Example 2.1. Let S' = (eie E Cl 0 < 13 < 27~) be the unit circle in the complex number plane @ and let f, : S' -+ S' be the map defined by f,<e") = eipe (p = 2, 3,. . .>. Then (S', f,> is the p-adic solenoid and the shift map f;, : (S', f,> --) (S', f,) of f, is an expansive homeomorphism [30] and also a PCF-expansive homeomorphism (see Theorem 3.11 below). Note that (S', f,> is indecomposable and it cannot be embedded into the plane R2. Next, consider the following sets in Then f:(G, f) -(G, f> is an expansive homeomorphism and it is also a PCF-expansive homeomorphism (see Theorem 3.11 below). Note that (G, f) can be embedded into the plane R*. The continuum (G, f> is known as a Plykin's attractor (see [17, 25, 26] ). Also, it is well known as a Lake of Wada. = T. B y using this fact, we can conclude that L, is a CF-expansive homeomorphism. 0
Note that dim T = 2 and T is decomposable. In Corollary 4.6 below, we shall show that a continuum admitting a PCF-expansive homeomorphism is l-dimensional and indecomposable.
Some properties of continuum-wise fully expansive homeomorphisms
In this section, we study some basic properties of CF-expansive homeomorphisms. A compact metric space X is Suslinian if each collection of mutually disjoint, nondegenerate subcontinua of X is countable. A compact metric space X is nowhere Suslinian if for any nonempty open set U of X, Cl(U) is not Suslinian. Proof. Suppose that neither f nor f-' is PCF-expansive.
Suppose, on the contrary, that there is n > 0 such that if A E C(X) and diam A ,( 7, then A E W,". Since f is CF-expansive, we see that f is PCF-expansive. This is a contradiction. Take a point p E n y_, Ai. Clearly p E T(f). Since X -G, CX -T(f), X -Gi is a totally disconnected closed subset of X.
Hence dim(XGil = 0. By using the sum theorem and the addition theorem of dimension (see [SD, we see that
Remark 3.10. In the statement of Theorem 3.9, we cannot replace the assumption that f is CF-expansive by the assumption that f is topologically mixing. Let f : X + X be a homeomorphism of continuum X that is topologically mixing. Then f Xf : X x X +X XX is topologically mixing. If A denotes the diagonal set of XXX,thenAnT(fXfl=@.Hencedim(XXX-T(fXfll>dim A=dim X> 1.
By a graph, we mean a l-dimensional compact connected polyhedron. Proof. Let X = (G, f 1. We shall show (11 + (2). By the proof of 119, (3.211, there is a positive number T > 0 such that if A E C(X) and diam A < 7, then A E W". By this fact, f is PFC-expansive. Clearly (2) + (1). We show (2) + (3). Let E and 6 be any positive numbers. Since G is a graph, we can choose a small positive number y > 0 such that if D E C(G) and diam D = S, then there is A E C(X) such that diam A = y and p,(A) CD, where pn : (G, f) -+ G denotes the natural projection defined by p,((x,ji> =x, (n > 1). Since f' is PFC-expansive, by using the above fact we can see that f is a PFC-expansive map. Clearly (3)--f (21 and (3) ---) (4). We show (4)-+ (3). Let E and 6 be any positive numbers. Choose a finite open cover % of G such that if D E C(G) with diam D 2 6, then there is U E % such that U CD, because G is a graph. Since f is topologically mixing, we can easily prove that there is a natural number N such that if D E C(G) with diam D > 6, then d,(f"(D>, G) < E for all n 2 N. This implies that f is PCF-expansive. Clearly (4) and (5) are equivalent.
This completes the proof.
q Example 3.12. In the statement of Theorem 3.11, we cannot replace the assumption that G is a graph by the assumption that G is a l-dimensional ANR (or AR). 
Dimension and indecomposability of continua admitting CF (PCF)-expansive homeomorphisms
In this section, we study dimension and indecomposability of continua that admit CF (PCF)-expansive homeomorphisms.
In particular, we show that if a plane continuum X admits a CF-expansive homeomorphism f, then either f or f-' is PCF-expansive and hence X is indecomposable. U $)fN(C'j) ) n U, = @ and (U ~~~fmN(C,!) ) n Vi' = @. Since 2x = {Cl C is a nonempty closed subset of Xl with the Hausdorff metric d, is a compact metric space, we may assume that lim , +,Cl( U y>i)Cj> = A and there are U, U' E Z! such that Cl( U 72: f "(Ci)) n U = 0 and Cl( U yzi f-"(Cf)) n U ' = @. Then diam A 2 6 and fN(A) n U = 91 = fpN(A) n U'. Hence dH(fN(A>, X) 2 F and d,(f-N(AX X) 2 E. This is a contradiction. The proof of (ii) is similar. 0
In [22] , MaiiC proved that if a compact metric space X admits an expansive homeomorphism, then dim X < W. More generally, if a compact metric space X admits a continuum-wise expansive homeomorphism, then dim X < 00 (see [19] ). Here we obtain the following. tains an arc apart from the other m -1 simple close curves (see Fig. 3 ). This is in contradiction to the fact that rank H,(N(ZZ/)) <m. This completes the proof. 0
In relation to the above results, one might ask the following question: If f : X + X is a (positively) continuum-wise expansive homeomorphism of a l-dimensional indecomposable continuum X, is f a (P)CF-expansive homeomorphism?
This question has a negative answer.
Example 4.9. Let S, v S, be the one-point union of two circles S, and S, and let a' and b' be oriented circles of S, and S,, respectively. Let f : S, V S, + S, V S, be the natural map defined by f(Z) = (a')* and f(g) = (g. a'>*. Then f is a positively expansive map (see [ll) , and hence f: ((S, V S,), f> --f ((S, V S,), f> is an expansive homeomorphism.
Note that X = ((S, In Proposition 2.4, we know that there is a Peano continuum X (e.g, the 2-torus T) such that X admits a CF-expansive homeomorphism and dim X= 2. Note that T cannot be embedded into R* and T admits no PCF-expansive map (see Corollary 1.7). However, for the case of plane continua, we have the following theorem. By Theorems 4.5 and 4.10, we obtain the following theorem.
Theorem 4.11. Let X be a plane continuum. If X admits a CF-expansive homeomorphism, then X is indecomposable and hence l-dimensional.
By the similar proof of Theorem 4.10, we obtain the following.
Corollary 4.12. Let X be a continuum which is not locally connected. Suppose that for any point x of X there is a neighborhood U of x in X such that U can be embedded into the plane R2. Then a homeomorphism f : X +X is CF-expansive if and only if either f or f ~ ' is PCF-expansive. In particular, X must be indecomposable and l-dimensional.
Let A be an arc from p to 4 in a metric space Y with metric d. Let n be a natural number and 6 > 0. Then the arc A is said to be (6, n)-folding 1121 provided that there are points p<a,<b,ia,<b,< ... <a,,<b,<q in A such that d(a,, bj) 2 6 for each i = 1, 2,. . . , n. Outline of the proof. Note that X satisfies the assumption of Corollary 4.12. It is sufficient to prove that (1) implies (2). Since each proper nondegenerate subcontinuum A of X is an arc and for any large natural number n > 0, by Proposition 1.3 there is a natural number i(n) > 0 such that f"(A)
is (6, n)-folding (m 2 i(n)> or f-"(A)
is (6, >-IZ folding (m 2 i(n)>, where 6 is a fixed positive number. Consider arc components of X. This fact implies that for any E > 0 there is a natural number n(e) such that d,( f "(A), X1 < E or d,(f-"(A), X> < E for m > n(e).
Hence f is a CF-expansive homeomorphism. 0
Remark 4.14. We can easily see that there is a decomposable continuum X admitting a positively continuum-wise expansive homeomorphism such that 6) dimX 2 2 or (ii) X is a plane continuum.
In Remark 2.3, we know that there is a hereditarily indecomposable continuum admitting a PCF-expansive homeomorphism.
The next theorem implies that for the case of hereditarily indecomposable continua, CF-expansiveness is equivalent to PCF-expansiveness and, hence no n-dimensional hereditarily indecomposable continua (n 2 2) admit CF-expansive homeomorphisms.
A point p of a continnum X is said to be an endpoint of X provided that if any K, L E C(X) contain p, then either K c L or L c K. Note that a continuum X is hereditarily indecomposable if and only if each point of X is an endpoint. We close this paper with the following problems.
Problem 1. Is it true that if X is a Peano continuum and f is a continuum-wise expansive homeomorphism of X, then f is expansive? In particular, if X is a closed 2-manifold, is every continuum-wise expansive homeomorphism expansive?
Problem 2. Does there exist a CF-expansive homeomorphism of the Menger's l-dimensional universal curve?
Problem 3. Let X be a l-dimensional continuum. If f : X--j X is a CF-expansive homeomorphism, then is either f or f-' a PCF-expansive homeomorphism?
Clearly, if Problem 3 has an affirmative answer, Problem 2 is negative.
